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The Efimov effect was first predicted for three particles interacting at an s-wave resonance in
three dimensions. Subsequent study showed that the same effect can be realized by considering two-
body and three-body interactions in mixed dimensions. In this work, we consider the three-body
problem of two bosonic A atoms interacting with another single B atom in mixed dimensions: The
A atoms are confined in a space of dimension dA and the B atom in a space of dimension dB , and
there is an interspecies s-wave interaction in a dint-co-dimensional space accessible to both species.
We find that when the s-wave interaction is tuned on resonance, there emerge an infinite series
of universal three-body bound states for {dA, dB , dint} = {2, 2, 0} and {2, 3, 1}. Going beyond the
Efimov paradigm, the binding energies of these states follow the scaling ln |En| ∼ −s(npi − θ)2/4
with the scaling factor s being unity for the former case and
√
mB(2mA +mB)/(mA + mB) for
the latter. We discuss how our mixed dimensional systems can be realized in current cold atom
experiment and how the effects of these universal three-body bound states can be detected.
Dimensionality plays a crucial role in determining
properties of physical systems. In three dimensions,
three bosons with resonant two-body s-wave scattering
can form an infinite series of three-body bound states.
These states were first predicted by V. Efimov in 1970
and found to have their binding energies En following
a peculiar geometric scaling ln |En| = −2pin/s0, with
s0 ≈ 1.006 a universal constant [1]. Recent experiments
succeeded in realizing s-wave resonant scattering in ultra-
cold atomic gases by the technique of Feshbach resonance
[2], and launched an extensive investigation of the Efimov
effect through measuring three-body recombination rate
[3–14], atom-dimer inelastic collisions [15, 16] and radio-
frequency spectroscopy [17, 18]. Contemporary theoreti-
cal investigations further deepened our understanding of
the emergent universality of the Efimov three-body pa-
rameter in atomic gases [19–24].
In two dimensions, the Efimov effect ceases to exist,
and instead the super Efimov effect takes place [25–
29]. Nishida et al. discovered that three two-dimensional
fermions with resonant two-body p-wave scattering also
form an infinite series of three-body bound states. These
bound states are called “super Efimov” since their bind-
ing energies follow a dramatic scaling ln(− ln |En|) ∼
3pin/4. Signatures of the super Efimov effect have been
predicted in the observables such as the atom loss rate
[29] and the time of flight and radio-frequency spectrum
of atomic gases [30]. It remains an open question whether
there exist infinite series of universal three-body bound
states other than the Efimov ones in three dimensions
and the super Efimov one in two dimension.
In this work, we consider three-body problems in
mixed dimensions. Previously Nishida and Tan showed
how the Efimov physics can be realized in mixed di-
mensions by considering two-body and three-body in-
teractions [31–33]. Scattering in mixed dimensions with
ultra-cold gases has also been probed experimentally
[34]. In our setup of the mixed dimensions, two bosonic
A atoms are confined in a space of dimension dA and
a single B atom in a space of dimension dB ; there
is inter-species two-body interaction which occurs in a
dint-co-dimensional space that both the A and B atoms
can access. When the two-body interaction is tuned
at an s-wave resonance, we find that for two cases
{dA, dB , dint} = {2, 2, 0} and {2, 3, 1}, there emerge an
infinite series of universal three-body bound states whose
binding energies obey the scaling ln |En| ∼ −s(npi −
θ)2/4. The scaling factor s is unity for the former case,
and equals
√
γ(2 + γ)/(1 + γ) for the latter. Here θ is a
three-body parameter and γ = mB/mA is the mass ratio
with mA (mB) being the mass of the A (B) atoms. These
universal three-body bound states in mixed dimensions
go beyond the Efimov paradigm. We discuss ways to
realize our mixed dimension setup in current cold atom
experiments and how the effects of these universal three-
body bound states can be detected.
Universal limit cycles. We start with considering the
situation that two bosonic A atoms and a single B atom
are confined in two dimensions. There is an s-wave inter-
species two-body interaction between an A and B atom,
which occurs when both atoms are at the origin of the two
dimensional plane. We employ a two-channel effective
field theory to model the system, and the Lagrangian is
given by
L =
∑
j=A,B
∫
d2ρψ†j (ρ)
(
i∂t +
∇2
2mj
)
ψj(ρ) +D
† (i∂t − ν¯)D
−g¯ [D†ψA(0)ψB(0) + H.c.]− v¯3ψ†A(0)D†DψA(0),
(1)
for which the momentum cut-off is Λ. The dimer field D
is defined only at the plane origin ρ = {x, y} = 0 and it
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FIG. 1. (a). The self-energy diagram for the dimer field
D. (b-c). The second order diagrams for the atom-dimer
scattering. The dashed lines represent the dimer field and
the solid lines represent the atom fields.
consists of a single A and B atom. The interaction breaks
down the translational invariance and does not conserve
momentum.
The two-body scattering properties of Eq. (1) can be
derived from the full propagator of the dimer field. We
obtain the full propagator by summing up the bubble di-
agrams shown in FIG. 1 (a). This calculation yields the
low energy expansion of the inter-species two-body scat-
tering phase shift cot δ(k) = −1/Sk2 + 2 log(kR)/pi with
k =
√
mAE and E being the total energy. The low en-
ergy scattering parameters, the scattering area S and the
effective range R, are related to the model parameters,
ν¯, g¯ and Λ, via the renormalization
− 1
4piS
=
ν¯
mB g¯2
+
f(γ)
4pi2
Λ2, (2)
−2 ln(ΛR) = 4pi
2
mAmB g¯2
+ 1 + f(1/γ), (3)
with f(γ) = ln(γ)/(1 − γ). The effective range R sets
a natural scale for the short distance cutoff such that to
use the model (1) to describe low energy scattering, we
take the hierarchy k  Λ 1/R [30].
The low energy expansion of the phase shift cot δ(k)
can be understood by a corresponding single channel
model: an A atom and B atom interact via a poten-
tial of range r0 centering at the origin. Thus when both
atoms are well away from the origin, the two-body wave-
function satifies[
− ∇
2
A
2mA
− ∇
2
B
2mB
]
Ψ(ρA,ρB) = EΨ(ρA,ρB). (4)
We rescale the coordinates ρj = (xj , yj) and introduce
r = {xA, yA,√γxB ,√γyB} ; (5)
in terms of the new coordinates r, we recast Eq. (4)
into a Scho¨dinger equation for a single particle of mass
mA in a four dimensional space. The wave-function
for the s-wave scattering state takes the general form
Ψ(r) = [cot δ(k)J1(kr) − Y1(kr)]/r with J1 and Y1 the
Bessel functions. The phase shift cot δ(k) is determined
by requiring Ψ(r) satisfying a boundary condition at
r & r0 [35]. One can show that cot δ(k) has the same
low energy expansion structure as given above by the
two-channel model (1).
We study the three-body problem of two A atoms and
a single B atom via the renormalization of v¯3. We fine
tune ν¯ such that the two-body scattering is on resonance,
i.e., 1/S = 0. The renormalization relation (3) indicates
that when one evolves the cutoff Λ to the low energy
limit, i.e., ΛR→ 0+,
1
g¯2
= −mAmB ln(ΛR)
2pi2
, (6)
and the model (1) is in the weak coupling regime
(mAmB g¯
2  1). Thus we proceed to calculate the renor-
malization group (RG) equation of the three-body pa-
rameter v3 perturbatively. The second order diagrams
for the atom-dimer scattering are given by FIG. 1 (b)
and (c). Note that due to the absence of momentum
conservation, the diagram in FIG. 1 (c) involves a mo-
mentum integration although it looks at the tree level.
We define v˜3 ≡ v¯3/mB g¯2 and b ≡ − ln Λ, and find the
RG equation to second order
dv˜3
db
= −2piv˜
2
3
b
− 1
pi
. (7)
In the low-energy limit, i.e., Λ → 0 and 1/b → 0+, we
solve Eq. (7) by an ansatz v˜3 =
√
bf(
√
b) and neglecting
corrections of order 1/b; the solution is
v˜3 =
√
b√
2pi
tan
(
−2
√
2b− θ
)
, (8)
where θ is a three-body parameter determined by the
short-range details of three-body interaction [36]. Equa-
tion (8) shows that v˜3 diverges wherever 2
√
2b+ θ = npi
with n a (large) positive integer, and indicates that there
emerges a corresponding three-body bound state whose
binding energy En scales as ln |En| ∼ −(npi−θ)2/4. The
universal scaling of En does not depend on the mass ra-
tio γ because in the current setup, we could rescale mo-
mentum for each atom independently [cf. Eq. (5)], which
shall not change the low energy (large b) behavior of
Eq. (7). As we shall see below, for systems with non-zero
co-dimensions, this independence shall no longer hold.
Three-body bound states. To justify the conclusion
by the above perturbative RG analysis, we solve explic-
itly the three-body bound states of the corresponding
single-channel model, in which the interaction Hamil-
tonian is Hint = λψ
†
A(0)ψ
†
B(0)ψB(0)ψA(0). Employing
the path integral representation and after the Hubbard-
Stratonovich transformation, we find the system La-
grangian
L =
∑
j=A,B
∫
d2ρψ†j (ρ)
(
i∂t +
∇2
2mj
)
ψj(ρ)− 1
λ
a†a
− [a†ψA(0)ψB(0) + H.c.], (9)
where a is the auxiliary field and an implicit momentum
cutoff Λ0 is imposed. Within this model (9), we tune λ
to make the two-body scattering on resonance.
31
= +
FIG. 2. The STM equation for the atom-dimer scattering.
The dashed lines represent the dimer field and the solid lines
represent the atom fields.
The properties of the three-body bound states can be
determined by studying the full scattering amplitude be-
tween an atom and dimer of Eq. (9). The full scatter-
ing amplitude B(k1,k2, E) with k1(k2) the momentum
for the incoming (outgoing) A atom and E the on shell
energy satisfies the Skornyakov-Ter-Martirosyan (STM)
equation represented in FIG. 2. In the limit that E
approaches the binding energy EB of a certain three-
body bound state whose internal wave-function is φ(k),
B(k1,k2, E) = φ(k1)φ
∗(k2)/(E−EB), and in the s-wave
channel the STM equation represented in FIG. 2 is tran-
scribed into [30]
φ(k) =
∫ Λ0
0
qdq
(2pi)2
ln
(
k2 + q2 − 2EmA
Λ20mA/mB
)
2pi2φ(q)
(q2/2−mAE) ln
(√
q2/2− EmA/Λ0
) . (10)
From Eq. (10), it is clear that if we define E˜ ≡ mAE,
the mass ratio mA/mB only appears in ln(Λ
2
0mA/mB),
whose dependence is negligible for large cutoff Λ0. The
asymptotic behavior of the zero energy wave-function
could be obtained by the leading logarithm approxima-
tion [37]. Within this approximation, we differentiate
both sides of Eq. (10) and find that the wave-function
satisfies a simplified equation
φ′′(z) = −2φ(z) (11)
where z ≡ − ln(k/Λ0). Equation (11) amounts to the
Scho¨dinger equation in the momentum space. The solu-
tion to Eq. (11) has the general form φ(z) =
√
z[cot(θ −
3pi/4)J1(2
√
2z) + Y1(2
√
2z)] with θ the three-body pa-
rameter brought about by imposing a boundary condi-
tion on φ(z) at momentum k∗ which is much smaller than
Λ0. Therefore in the regime 0 < k < k
∗, there are a infi-
nite number of zero points of φ(z) approximately whereas
2
√
2 ln(Λ0/k) = npi− θ. Compared with the zero energy
wave-function of the Efimov states in the real space [36],
these zero points of φ(z) indicate the existence of bound
states whose energies are En ∼ − exp[−(npi − θ)2/4] for
large n.
We have calculated the binding energies by solving
Eq. (10) numerically. The result for mA = mB is given in
TAB. I. We find that the scaling of the binding energies
of the shallower bound states approaches the one derived
n ϕn ϕn − ϕn−1
1 2.3315
2 3.3780 1.0465
3 4.4010 1.0230
4 5.4150 1.0140
5 6.4245 1.0095
TABLE I. The numerical result of the three-body binding
energies En of Eq. (10) for mA = mB . Here 2mAEn/Λ
2
0 =
− exp(−pi2ϕ2n/4). The difference ϕn − ϕn−1 → 1 when the
bound states are becoming shallower.
by the analytic methods above. We have also checked
that the mass ratio does not affect the scaling behavior.
Generalized RG analysis. The perturbative RG anal-
ysis of Eq. (1) has led to the same conclusion on the
three-body bound states as by the explicit calculation
based on the STM equation. Similar analysis can guide
us to search universal three-body bound states beyond
the Efimov paradigm in other mixed dimension setups
on two-body interaction resonances. We consider a gen-
eralized model of two bosonic A atoms and a single B
atom as
L =
∑
j=A,B
∫
ddjxψ†j
(
i∂t +
∇2
2mj
)
ψj
+
∫
ddintx
[
D†
(
i∂t +
∇2
2M
− ν¯
)
D − v¯3ψ†AD†DψA
]
− g¯
∑
q,k,kA,kB
[
q`f`(Ωˆq)D˜
†(k)ψ˜A
(
k
2
+ q,kA
)
×ψ˜B
(
k
2
− q,kB
)
+ H.c.
]
, (12)
where the A (B) atoms move in a dA(dB)-dimensional
space, and the dimer D moves in the dint-co-dimensional
space in which the A and B atoms interact in `-wave.
D˜ and ψ˜j are the Fourier transform of D and ψj , and
f`(Ωˆq) is an angle function. There is a physical constraint
dint ≤ dA(dB). For the sake of physical realization, we
take dj ≤ 3. In the case dint = 0, ` has to be zero
and f0 = 1. When dint = 1, there are two possibilities:
` = 0 and f0 = 1, and ` = 1 and f1(Ωˆq) = sgn(q). For
dint = 2, f`(Ωˆq) = exp(i`φq), and for dint = 3, f`(Ωˆq) =
Y`m(θq, φq).
The RG equation (7) derived from Eq. (1) predicts the
existence of the universal three-body bound states whose
binding energies scale as ln |En| ∼ −(npi − θ)2/4. There
are two key ingredients in Eq. (7): (I) the presence of
1/b on the right hand side of the equation, which derives
from the logarithmic dependence of the two-body phase
shift expansion cot δ(k) = −1/Sk2 + 2 log(kR)/pi. (II)
the three-body interaction is marginal. Thus we require
the general model (12) to have the same properties for
the two-body scattering and the three-body interaction.
We apply power counting on the diagram in FIG. 1 (a)
4Case dA dB dint ` ln |En|
(I) 2 2 0 0 −(npi − θ)2/4
(II) 2 3 1 0 − (npi−θ)2
4
√
γ(2+γ)
1+γ
(III) 2 2 2 1 −2 exp
[
npiγ(2+γ)
1+γ
+ θ
]
(IV) 2 1 1 1 −2 exp
[
npi
√
h(γ)/2 + θ
]
TABLE II. Universal scaling of binding energies En of three-
body bound states in mixed dimensions with `-wave two-body
resonant scattering. Here θ is a three-body parameter and the
scaling function h(γ) is given in Eq. (13).
which yields the two-body phase shift and find dA+dB−
dint +2` = 4 as the condition for the phase shift to retain
the structure cot δ(k) = −1/Sk2+2 log(kR)/pi. Since the
dimension of g¯ is zero [cf. Eq. (6)], a direct power counting
analysis of Eq. (12) yields dB − dint + 2` = 2 as the
condition for the three-body interaction being marginal,
i.e., the dimension of v¯3 is zero.
These two conditions are satisfied when dA = 2 and
dB = dint + 2− 2`. Correspondingly ` is either zero or 1.
We list all four possibilities in TAB. II. We have studied
previously Case (I) in detail. For Case (II), based on the
diagram in FIG. 2, we proceed to work out the RG equa-
tion for v¯3 which is similar to Eq. (7), and predict that
there shall be universal three-body bound states whose
binding energies scale as ln |En| ∼ − (npi−θ)
2
4
√
γ(2+γ)
1+γ .
Here the mass ratio dependence of the scaling comes from
the fact that the co-dimension is nonzero. The smaller
the mass ratio γ is, the denser the bound states are in
the energy domain. If we choose 133Cs as the A atoms
and 6Li as the B atoms, between which there is an s-
wave Feshbach resonance at the magnetic field 842.75 G,
the factor
√
γ(2 + γ)/(1 + γ) can be suppressed to 0.29.
For the last two cases, since dB = dint and there is no
longer a momentum integration for the diagram in FIG.
1 (c), one needs to go further to include the one-loop
diagrams in the RG equation for v¯3 [25, 26]. Case (III)
is the super Efimov states which have been discovered
before [25–29]. We find that Case (IV) holds an infi-
nite series of universal three-body bound states whose
binding energies also following the super Efimov scaling,
i.e., ln |En| ∼ −2 exp
[
npi
√
h(γ)/2 + θ
]
with the scaling
function
h(γ) =
γ
√
2 + γ
(1 + γ)
[√
γ + 4
√
γ3 + 2
√
γ5 − 2γ(1 + γ)√2 + γ
] .
(13)
Note that there may exist other possible infinite series of
universal three-body bound states in mixed dimensions
beyond our above RG analysis. We defer the problem of
two fermionic A atoms interacting with a single B atom
in mixed dimensions to a future study.
Experimental detection. Mixed dimensions have
prospective realizations in cold atom systems in which
atoms can be tailored to move in a space of dimension
d < 3 by applying external confinements [38]. Experi-
mental signatures of the super Efimov effect have been
studied in Refs. [29, 30]. Here we focus on Case (I) and
(II) listed in TAB. II. The two-body interactions between
the A and B atoms restricted in co-dimension dint = 0, 1
can be achieved by an optically controlled magnetic Fes-
hbach resonance [39]. To realize Case (I), one can start
with confining the A and B atoms in a two-dimensional
plane and tunes the external magnetic field in the vicinity
of an `-wave magnetic Feshbach resonance such that the
background scattering is negligible. Furthermore, one in-
tersects the plane with a well focused laser beam, which
gives rise to vector light shifts of the energies of the atoms
and the Feshbach molecules [40]. By controlling the fre-
quency and intensity of the laser, one can push the scat-
tering between an A and B atom sitting right at the Fesh-
bach resonance when the two atoms simultaneously enter
into the cross section of the light beam in the plane [39].
The linear dimension of the laser cross section, which can
be as small as the order of the laser wavelength, serves
as the short distance cutoff of our model (1). A similar
scheme can be set up for Case (II), in which resonant
scattering in one-co-dimension can be realized within the
laser beam which induces the vector light shifts. Further
reduction in the short distance cutoff of atomic resonant
scattering in co-dimensions may make use of type-II su-
perconductors where a magnetic flux is pinned through
a vortex core and confined within a cross section of size
down to tens of nanometers [41].
The effects of the predicted universal three-body
bound states in Case (I) and (II) could be detected in ob-
servables such as the time of flight and radio-frequency
association spectrum. The Efimov effect was predicted
to give rise to a tail in the atom momentum distribution
nk ∼ sin[2s0 ln(k/κ)]/k5 by the field theoretic method of
the operator product expansion (OPE). Here s0 ≈ 1.006
and κ is the Efimov three-body parameter. The mag-
nitude of the tail is proportional to the three-body con-
tact [42]. Such a tail has been observed in the time of
flight experiment of unitary Bose gases [43, 44]. By the
same OPE method, we find that the three-body bound
states in Case (I) and (II) yield a momentum tail of the
A atoms nk ∼ cos[4
√− ln(kR)/s+ 2θ]/[k4√−2 ln(kR)].
In the situation mA = mB , we have s = 1 for Case (I)
and s = (3/4)1/2 for Case (II). Another way to probe the
predicted universal three-body bound states is via the
radio-frequency association spectrum. Experimentalists
have employed a radio-frequency field to associate three
distinguishable fermionic atoms of 6Li into an Efimov
trimer state [17, 18]. Scanning the frequency of the field,
they can pin down the trimer binding energy by looking
for a maximum in the association rate. The same scheme
can be applied in our cases as well.
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Note added. Recently Ref. [45] found universal four-
boson bound states with energies scaling ln |En| ∼
−2(npi + θ)2/27 at three-body interaction resonance in
two dimensions. Our mixed dimensional systems only re-
quire two-body interaction resonance, which eases their
experimental realization.
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